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Abstract 

Within the conjectured duality between M = 4 super Yang-Mills and Anti-deSitter string 
theory, the BFKL Pomeron of the gauge theory corresponds to the graviton mode of the dual 
string. As a first step towards analyzing multigraviton exchange, we investigate _R-current six- 
point functions within the supergravity approximation. We compute the analogue of diffractive 
scattering, and we analyze the triple Regge limit. In the supergravity approximation the triple 
graviton vertex is found to vanish. 
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1 Introduction 

Since many years, the high energy behavior of scattering amplitudes in quantum field theory 
has attracted interest, and extensive calculations have been performed in order to understand the 
structure well beyond leading orders of perturbation theory. In this context, a special role is played 
by the Regge limit which is closely connected with unitarity of the theory. 

The AdS / CFT correspondence [TJ [21 El H] has raised new hopes to determine the high energy 
behavior to all orders of the 't Hooft coupling A, including the strong coupling region, at least for 
those gauge theories which possess a dual string theory description. The most prominent example 
of such a duality relates 4D super Yang-Mills (SYM) theory with A/" = 4 supersymmetries to type 
IIB string theory in the Anti-deSitter background AdS$ x S5. Through the correspondence, the 
gauge theoretic BFKL Pomeron (51(51 [7] gets related to graviton on the string theory side |8, 9]. 

In [TU] and [TT] we have examined this correspondence in some detail. Stimulated by QCD where 
7*7* scattering provides a safe framework for investigating the BFKL Pomeron, we have studied 
the elastic scattering of two i?-currents [12] in Af = 4 SYM theory. On the weak coupling side, the 
high energy scattering amplitude factorizes into the current impact factors and the BFKL Green's 
function. In [TU] the 7?-current impact factor has been calculated to leading order. The BFKL 
Green's function is known also in NLO [131 1141 115j . In the strong coupling region, the method 
of calculating leading order correlations function was defined in [3J. It involves the summation of 
Witten diagrams containing supergravity fields which live on the AdSs space. Our calculation of 
the high energy behavior of Witten diagrams has shown that the scattering amplitudes for infinite 
't Hooft coupling A also come as a convolution of impact factors and an exchange propagator, just 
as in the weakly coupled theory. The convolution is defined through an integration over the radial 
direction of the AdS$ geometry. As a result of our calculation, we have obtained an expression 
for the i?-current impact factor at A — > 00. Corrections of the order 1/A require string theory 
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Figure 1: Unitarity corrections in QCD: (a) a fan diagram; (b) the six-point function 

calculations. As to the exchanged graviton, Witten diagrams in the Regge limit yield a power law 
behavior A gra viton ~ s J , with j ' — 2 being the spin of the graviton. The higher order corrections 
to the graviton trajectory 

4 + v 2 1 

^ 2 -W + 0( A»' <L1 » 
cannot be derived from Witten diagrams, and they have been deduced from other lines of ar- 
guments [8] [9]. In [16] a representation for the Regge limit of four current correlators has been 
suggested which would allow to interpolate between weak and strong limits. We have not attempted 
to cast our result for the Witten diagram into this form. 

Within QCD, it is well known that the BFKL Pomeron violates unitarity bounds since it grows 
as Abfkl ~ is 3 with j = 1 + ujbfkl at very high energies. Consequently the Pomeron must 
be tamed by suitable corrections. Elaborate calculations have been performed in order to identify 
the relevant corrections within perturbation theory. An example arises in the context of deep 
inelastic electron proton scattering at small x (which is related to the elastic scattering of a virtual 
photon on the proton). It has been argued that the most important corrections to the BFKL 
exchange are given by 'fan' diagrams (an example is shown in fig. |TJl) which contain the triple 
Pomeron vertex. This vertex describes the splitting of one BFKL Pomeron into two Pomerons. 
A derivation of this result is obtained by considering, first, the scattering of the virtual photon 
on two (weakly coupled) nucleons and, then, closing the two BFKL Pomerons at the lower end 
by integrating over the 'diffractive' squared mass M 2 (fig. [TJd). As a key feature, the fan diagram 
in fig. QJi. contains, in its lower part, the exchange of two BFKL Pomerons which comes with 
a minus sign relative to the single BFKL exchange. At high energies, double Pomeron exchange 
grows as Adoubie bfkl ~ ~ i s^ 2 ^ b f k l ; an( j thus starts to weaken the growth of the single BFKL 
exchange. In preparation for extending this discussion to Af — 4 SYM theory, one may replace 
the two nucleons at the bottom by virtual photons. In this way, the essential amplitude to be 
studied, becomes the six-point electromagnetic current correlator, evaluated in the triple Regge 
limit. It is a remarkable feature of QCD that the two lower Pomerons do not couple directly to 
the upper impact factor. Such a 'direct' coupling would correspond to the eikonal approximation. 
The absence of this direct coupling in the leading logarithmic approximation of QCD means that 
the eikonal picture is not supported. 

Turning to JV = 4 SYM theory, the analogous correlator is the six-point correlator of i?-currents. 
Our comments on QCD suggest to investigate, as a first step of addressing the militarization, the 
six-point i?-current correlator in the limit s\ ~ S2 3> M 2 . In the weak coupling limit, this high 
energy limit of the six-point i?-current correlator in J\f = 4 SYM theory has been studied in [17] . 
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Figure 2: High energy limit of the six-point function in AT = 4 SYM 



The main result is illustrated in fig. [5J At high energies, the six-point amplitude can be written 
as a sum of several pieces [18J; each of them corresponds to a distinct set of simultaneous energy 
discontinuities, in agreement with the Steinmann relations. For our discussion we are interested 
only in those terms which contribute to the discontinuity in the energies si, s 2 and in the square 
of the diffractive mass, M 2 . In the leading log approximation, the triple Pomeron vertex (fig. [21 
right figure) is the same as in QCD. The amplitude corresponding to this diagram has the form 



where the signature factors are given by 

— ipiu y 

sin7roj ' >v ' " *' sin n(uj — ui\ — LJ2) 



e -ipiu _ -y g— i%(ui— oil— w 2 ) _ \ 

= -7T : , £(w,wi,w 2 ) = -7T- -, (1.2) 



and 

FCw.wi.wa) = ${Q 2 )®G{u)®V®G{uj 1 )®$(Q 2 a )®G{u J2 )®<I>(Q 2 b ). (1.3) 

Here <E> denotes the integration over transverse momenta, G(w) is the BFKL Green's function, $ 
is the impact factor presented in [TU], and details on the triple Pomeron vertex V can be can be 
found in [T7]. The discontinuity of this six-point function across the cut in M 2 leads to the cross 
section of the diffractive scattering process (in the notations of QCD) 7* + 7* — !• Mx + 7* ■ Since 
M 2 is large, we obtain a contribution of 'large diffractive masses'. In all three lu variables, the 
leading singularity is given by the BFKL characteristic functions 

. , 4N c a s \n2 . . 

u) = u>\ = UJ2 — Oi s xiy = 0, n = 0) = . (1-4) 

As an important feature of Af = 4 SYM theory we find an extra contribution (see fig.EJ left figure) 
where the two BFKL exchanges couple directly to the upper i?-currents. The presence of this 
'direct' coupling, which is absent in QCD and might be viewed as a support of eikonalization in 
Af = 4 SYM theory, can be traced back to the fact that fermions (and scalars) belong to the adjoint 
representation. The corresponding scattering amplitude is of the form 

At%f = SlS2 1 1 ^^Is^s^^^FiM 2 ;^,^), (1.5) 
F(M 2 ; Wl ,w 2 ) = $(g 2 ;M 2 )* rect ®G(wi)®$(g 2 4 )® G(w 2 ) ® *(<&). (1-6) 



where 
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Figure 3: Witten diagrams for the two graviton exchange in the t— channel 



An expression for the new impact factor <&(M 2 ; Q 2 )) dlrect which describes the coupling of the two 
BFKL Pomerons to the upper i?-current can be found in Ql [20] and Q21 [2T] 0- 

For large M , 

this impact factor falls off as M~ 4 . For the diffractive cross section one takes the M 2 -discontinuity 
of the six-point amplitude, i.e. the M 2 -discontinuity of the impact factor $(Af 2 ; Q 2 )) dlrect . The 
latter falls off as M~ 8 , i.e. it contributes to the region of small diffractive masses. 

In the present paper we continue the investigtion of the high energy limit in the strongly coupled 
theory using Witten diagrams. Our main interest now is in the six-point i?-current correlators. 
In the triple Regge limit, the amplitude is dominated by t— channel exchanges of gravitons. The 
relevant diagrams are shown in figs. [3J and 0J There is an obvious correspondence between the two 
contributions on the weak (fig. [5J and on the strong coupling side (figs. [3J and 21 left diagram). 
These Witten diagrams will be considered as the strong coupling analogue of our weak coupling 
results obtained in JV = 4 SYM theory . 

Our article is organized as follows. Section [5] is devoted to a brief review of our notation used 
in In section [3] we present computations of the scattering amplitude with the two t— channel 
gravitons and one intermediate i?-boson carrying mass M (fig. [3J . We rewrite the amplitude to 
momentum space and perform the high energy limit. The amplitude is found to be proportional 
to the square of two large energy variables, namely sfs 2 ,. The planar graph (left part of fig. [3J has 
a cut for positive M 2 , starting at M 2 = 0, and, for large M 2 (triple Regge limit), falls off as M~ 2 . 
Correspondingly, the crossed graph (right part of fig. [3]) has a cut for negative values of M 2 . Finally, 
in section|3]we consider the correlation function with the triple graviton vertex (fig.EJ). In the triple 
Regge limit, the expected contribution to the triple Regge behavior ~ (si/M 2 ) J1 ^/M 2 )-? 2 (M 2 y 
with j = ji = j 2 = 2 vanishes. Instead, we find contributions proportional to s 2 , s 2 ,, and s\S2- 



2 Six-point correlation functions at strong coupling 

Let us consider J\f = 4 super Yang-Mills (SYM) theory in four dimensional Euclidean space. The 
Fourier transform of the six-point correlator reads as 

(2*)H{j2mnnnn^M) = [ (fld^e^A (f[ J Ja (x a )) . (2.1) 

i=\ ^ \i=\ ) a=l 

By Jj we denote i?-currents with j labelling the spacial directions, j — 1, . . . , d = 4. The x = 
(xi, X2, £3, £4) stands for the four dimensional Euclidean vector (the value j • = refers to the fifth 

1 Ref. 1211 discusses the M 2 discontinuity of the two-Pomeron impact factor. In order to obtain the full impact 
factor from this discontinuity, one writes a (unsubtracted) dispersion relation. 



4 




Figure 4: Left figure: triple graviton exchange with the triple graviton vertex. Right figure: two 
graviton exchange with the direct coupling of two gravitons and two bosons. 

coordinate) . 

We use the same notations as in [11] . Starting with the Euclidean notation p = {pi,P2,P3,P4:) 
and \p\ = sfp* 2 -, the Wick rotation continues \p\ 2 = p 2 — > —p 2 = —p\ + p\ + p\ + P§ m Minkowski 
space. In the high energy limit, our scattering amplitude depends upon the energies s\, 82, the 
diffractive mass squared M 2 , and the momentum transfers t\ % t%, and t. Furthermore, \pi\, \p2\1 

1 , {\pi\ ,\p$\ and \pq\) are the virtualities of the incoming (outgoing) currents. In Euclidean 
notation we have 

si = -(pi+p 2 ) 2 , s 2 = -{pi+Pzf, M 2 = -(fx +p 2 +P5) 2 , 

-t = (px+pi) 2 , -t x = (p 2 +p 5 ) 2 , -ta - (P3+Pef. (2.2) 

After Wick rotations, the energy variables si, S2, and M 2 are positive, whereas the momentum 
transfer variables t, t\, t% remain negative; the masses of the external currents are kept negative 
(space-like), — \p^\. After Wick rotation, we still continue to use the vector symbol p for the 
Minkowski vector (pi,P2,P3,P<i)i but now p 2 = —p 2 . 
The high energy limit is defined as 

si, S2 >M 2 -t, — tx, -t 2 ,-|p;| 2 . (2.3) 

For the two graviton exchange diagrams we will keep M 2 finite, whereas for the triple graviton 
diagram we take the triple Regge limit where also M 2 becomes large. 

Finally, we find it convenient to present the scattering amplitude in the helicity basis. To this 
end we contract the correlator A with appropriate polarization vectors 

A\ 1 \ 2 \ 3 - t \ i \ s \ 6 (\pi\', S\, S2, M 2 ; t, ti,t 2 ) = 

where Xi — L,± runs through the possible helicities and we introduced the polarization vectors 
ef{pi) such that plef^ifi) = 0. 

In order to calculate the amplitude (|2.1I) in the limit of infinite 't Hooft coupling [TO] we make 
use of the conjectured AdS/CFT correspondence [2j between IIB string theory on AdS$ space and 
Af = 4 SU(N C ) super Yang-Mills theory. An efficient calculation can only be performed in the limit 
of large N c . Moreover the full string theory on AdS^ is well approximated by classical supergravity 
when 't Hooft coupling A = gyM^c goes to infinity. 
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According to the AdS/CFT correspondence, correlation functions are related with a classical 
supergravity action Sa<is by [31 H] 



(J(l)J(2)...J(n)) C FT = "nj-j-. j- -j- rexp(-5^ s [0[0 o ]])L o _ o , (2.5) 

where the factor w„ comes from the relative normalization [22J while the sources (j)Q of operators 
in super Yang-Mills theory correspond to the boundary values of supergravity fields in AdS§ in 
the 4-dimensional quantum field theory, i.e. 4>\dAdS ~ 4>o- We are using the following conventions 
concerning the Anti-deSitter space AdSd+i- Its Euclidean continuation is parameterized by zq > 
and x with coordinates xi enumerated by the Latin indices i = 1, . . . , d. We use the metric 

ds 2 = \{dzl+dx 2 ), (2.6) 

where dx 2 can be related to the metric of Minkowski space by Wick rotation. The limit zq — > 
corresponds to the boundary of the Anti-deSitter space. The most interesting case is for d = 4 
which can be related to QCD. 

To simplify notation we truncate the SU{4) i?-current group to U(1)r. However, our consid- 
erations may easily be generalized to the non-Abelian case. The supergravity action is defined 

(2.7) 



S = ( d d+1 z^(-K + A) + S m , 

ZK d+l -J 



where 1Z is the scalar curvature while the covariant matter action reads as 123. 22 , 24, 25 



^ K 'd+1 



(2.8) 



Here k\ is fixed by matching two- and three-point protected operators [23, 22J, while is the field 
strength of the gauge field A. Throughout this note, Greek indices refer to the (d+ l)-dimensional 
space, i.e. they take values from to d. Latin subscripts, on the other hand, parameterize directions 
along the Euclidean <i-dimensional boundary of AdSa+i- Contractions of the full metric (|2.6[) are 
denoted with upper and lower indices while contractions of both lower indices denotes simple 
summation with Kronecker delta. 

After these technical preparations we can now begin to evaluate the high energy limit of our six- 
point correlator at strong coupling, where supergravity on AdS is believed to provide an accurate 
description. To this end we make use of a very convenient and intuitive diagrammatic procedure 
that was first proposed by Witten [3] and then developed further by many other authors. It relies 
on summing diagrams which in our case contain only three basic building blocks, namely the 
bulk-to-bulk propagators for the graviton and the gauge i?-bosons as well as the bulk-to-boundary 
i?-boson propagator. They are connected by vertices defined in eqs. (|2.7p and (|2.8p . In the high 
energy limit it is enough to analyze diagrams plotted in figs. [31 [U 



3 Two Graviton exchange: Low diffractive masses 

In this section we analyze two Witten diagrams depicted in fig. [3J These will later turn out to 
contain all leading order contributions to the high energy limit of the full amplitude. After a very 
detailed discussion of the first diagram we can obtain the contribution from the second diagram 
through analytic continuation. The results are spelled out in eqs. (|3.27p and (|3.30p . They involve 
a new impact factor, defined in eq. (|3.2ip . whose properties shall be analyzed in subsection 3.3. 
The final subsection is then devoted to a study of the deep inelastic limit of the amplitude. 
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3.1 The Momentum space representation 

We start from the expression for the two graviton exchange in configuration space. Its contribution 
to the six current matrix element i^f| 

d d+i r d d+i v r d d+i w fd d+1 z~ 



T 2G, planar _ / <f V 



d—3 I d—3 I d—3 

Vo 



-jr3- T (u)^, P <y(z,y) (3.1) 



^z%y$5^ u ,d Z[a G X]jl (z,xi)dy lp ,d Z[a G x]T] (z,y)Gdy [a ,G r]Ji (y,X4,) 



G^v^'v' (z, w)G pa]p , a , (y, v)f (25)^^ (w)T(36)pV' (v) , 

where the stress-energy tensor 

T(u)nv = z ld [p G x]pi (z, x x )d [v G X]h (z, x 4 ) + zld [u G X ] Pl {z, x 1 )d [ll G x]ji (z, x 4 ) 

-^zlS^d[ a G P ] Pl (z,x 1 )d[ a G l 3] : j 4 (z,x4) . (3.2) 

In the high energy limit, the highest contribution comes from the first two terms. For the coupling 
of the two gravitons to the upper currents one can define the double stress-energy tensor 

-^~(14)/i^,pa" — \finn'3uu' H~ ^ p,v' $v p,' ) (,&pp' ^aa 1 ^^pa'&ap'^) 

[ z lvl d z w G x]h C 2 ' ^) d v [p - d *w> G A]r] 0, y)d Vw , G T] tji (y, x 4 ) 
1 

- -^vl z l^' P 'd Z{v , G x]n (z, xi)d V[p d Z[ ^ G X ]r\ (z, y)d V[f) G t]h (y, x 4 ) 

+ ^yl z l5 a 'p'5 P ' U 'd Z[a Gx in (z, x x )d V[l3 d Z[oi Gx\r] (z, y)d V[l3 G T]ji (y, x 4 )} . (3.3) 

In the high energy limit, only the first term contributes to the leading power in energy. The 
expressions for the propagators are listed in Ref. 

Let us now specify d — 4. Using the expressions for the propagators presented in Ref. [llj we 
rewrite the formulae in the momentum space. We define Fourier transform of stress-energy tensors 
as 

f im Uz) = -JL j 'd 4 Pl j 'd^e^'^'e-®'^)^^;?,,^, (3.4) 

and 

T (li)p „, pa {z,y) = J d 4 Pl J dV J d'pe-ft-^e-ft^e-W 

T(i4)^,pa(za,yo;pi,p,P4) ■ (3.5) 

This gives 

T(iA)^(z ;pi,p 4 ) w -ZoPi^ l Gx] Pl (zo,pi)p4, [u Gx]j i (z ,p 4: ) 

-zlpx [v G X } Pl {zQ,pi)p4 l [ IJ G\}j 4 ,{zo,p i ) , (3.6) 



2 The correlation functions and amplitudes are calculated up to multiplicative constants, which can be easily 
restored from the action J2.71 . 
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with Pko = id Zo and 

T(i4)^, P a(zQ,y ;Pi,P,P4) » ^oyoPi[ M G A]j 1 (zo,Pi)p[ P P[ l ,G A ] T ](zo,yo;p)P4[ (T G r ]j 4 (yo,P4) (3.7) 

+ Z 2/0Pl [u G A]ji («0 , Pi )P[pPlnG\] r](z ,yo; P)P4 [a G t] j4 (y ,Pi) 

+ 2 oyoPi[M G A]ji(2o,Pi)P[aP[ 1 .G A ] T] (zo,yo;^P4[pG T ]j 4 (yo,P4) 

+ z o2/oPi [y G \]ji ( z o,Pi )P[aP[pG x]T] (z ,y ; p)p 4 [p G r] J4 (y ,p 4 ) , 

with ds i — —ipi, dfa — —ipi, Po = id Zo , po = id Vo , pi = id Zo , p4 = id yo . In the above formulae the 
approximation indicates that we omit terms which, in the high energy limit, are power suppressed. 
Finally, our expression in the four-dimensional momentum space takes the following form 

= (2*)<*W(J>)/ ^T (M)w (^ tt) ;ft,ft+ft + ft,A) 
3.2 The high energy limit 

In the high energy limit, the leading contribution can be obtained exactly in the same way as it 
was done for four point functions For the incoming i?-boson propagators, the only important 
parts are those proportional to pk, namely 

P[kGi]j(z ,p} = z (pk$ij ~ Pihj)\p\Kx(zo\p\) ps zop k 6ij\p\Ki(z \p\) , (3.8) 

P[kG ]j(z ,p) = iz {S k j\p\ 2 - PjPk)K (z \p\) w -iz PjPkK {zo\^) , (3.9) 

where dg i = —ipi, Po = id Zo . Making use of the Ward identity, i.e. shifting the polarization vectors 
(listed in [11) . Appendix A), we can remove terms without pk- To simplify the notation of the 
bulk-to-bulk i?-boson propagator we introduce 

oo 2 -2A-l / |-| \ 2k+a 

K.(*.v«m = E r{k + mk + 1) (^gjfflgj Wb1v^2), (3-10) 

and 

Ka^vo-M = ± r{k + rZ)T(k + i) (^f=f) W0V^*>- ( 3 - n ) 

This allows us to rewrite the bulk-to-bulk i?-boson propagators as 

G^j(z ,y ,p) = zSpjZoyofci- lpj6 M oZoyQJC , (3.12) 

and 

G M o(2o,yo,p) = g^o( z o +2/o)^i _ I 5 mo 2 o2/o^o + IPj^^yo^o ■ (3.13) 
Furthermore, in the high energy limit the leading term of the graviton propagator is given by 

G u (z ,w ,p) sa (8^5 )g(z Q ,w Q ;p), (3.14) 
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with 

g(z ,w Q ;p) = K, a=2 {z , w ; \p\) . (3.15) 

To calculate the scattering amplitude we have to contract the resulting expression with the polar- 
ization vectors, namely 

^fe.*, = E, A £ £ a) (^) ^ G ^)nn ]Mle f[ ^(ft)' ■ (3-16) 

1 o=l 6=4 

Substituting the expressions for the propagators, the double stress-energy tensor reads as 

E ^J^,p 4 )^ m (2obl|)^ m (zo,yo;|pl)^m(2/o|p4|), (3.17) 
m=0,l 

where we have introduced the vector 

P = Pi +P2+P5- (3-18) 

The tensor part, namely 

W£ j4 (pi,P4,) = (Sj 1J4 \pi\\p4\S m: l - Pl^PijJmfi) , (3-19) 

in the basis of polarization vectors basis (cf. [11 ), can be written as 

~ |^i||P4|(*mi,l^Ai,^A4,fc + ^mi,0*Ai,£^A4,L)- (3.20) 

In analogy with |11) , we introduce the impact factor for the coupling of two gravitons 

$\i\4(\Pi\>\i>\>\&\;zQ>yo) = E w yi\APi'P-i) K "i( z o\pi\)^m(zo,yo; \p\)K m (y \p 4 \) . (3.21) 

m=0,l 

We rewrite eq. (|3.17p as 

T(i4)^,pa(z a ,yo;pi,p;P4) ~ -l4yoPik 1 Pk 2 Pk 3 P4k i ( s ^ 1 S^k 3 +S Mk3 S vkl ) 

(<^/b<W + (VAfcs^AiAidPil: \p\> 1^4 1; z o, Vo) ■ (3-22) 
For the lower stress-energy tensors we make use of the impact factors introduced in [11] 

3>x 2 x 5 (\P2\,\p 5 \;w ) = £ W^ A5 (p2,p 5 )if ro K|P2|)^mK|p 5 |). (3.23) 

m=0,l 

With this notation, the lower stress-energy tensors can be written in the form 

T(25)^u'{w Q ]P2,Pb) ~ 2wop 2k > 2 P5k> 5 (fin'k'Jv'k' 5 +S f _ l > k > 5 Sv' k > 2 )$\ 2 \ 5 (\P2\AP5\;w ) (3.24) 

and 

T(36) p > a >(vo;p 3 ,P6) ~ 2woP3fc^6 fc ^(VM 3 ^' fc 6 + S P , k'J<T>q s )$\ 3 \ e (\p3\,\p6\;v ). (3.25) 

We note that, similarly to the four point correlators in |TT], helicity is conserved in all impact 
factors. With the vector p = pi+P2+P5 from eq. (|3.18p and with 

M 2 = -p 2 (3.26) 



we now perform the Wick rotation to positive M 2 : \p\ — > iM. In the limit of large s% and S2 we 
thus arrive at: 

/•OO />00 />00 /"OO 

^AjaXabAb = 2S 1 S 2 / dz / d V0 / dw / rfW ^0 M 0«0 $ AiA4(|Pl|.^|P4|;^0,yo) 

Jo Jo Jo Jo 
g (z , w ; P2 + p$)G (yo , vo; P3 + pe>) $a 2 a 5 (\p2 1 , \p5 | ; w )$ a 3 a 6 {\p3 \ , \pe I ; v ) ■ (3.27) 

This formula summarizes our results for the high energy limit of the planar amplitude in fig. [3] 
The second Witten diagram with crossed bulk-to-bulk graviton propagators can now be obtained 
very easily. Introducing the vector 

P = P1+P3+P6, (3.28) 

with 

|pf = M 2 +t-t 1 -t 2 + \p 1 \ 2 + \p 4 \ 2 ^M 2 + \p 1 \ 2 + \p 4 \ 2 , (3.29) 
the high energy limit of the crossed diagram has the form 

r oo noo poo poo 

A l%T 3 xX\ 6 = 2s l s 2 / dz / d V0 / dw a / dv a 2$yo W V *Ai A 4 (\Pl \,\P\,\p4,\ 5 z 0, Vo) 

Jo Jo Jo Jo 
G(yo,w Q ;p 2 +P5)G(z ,v Q ;p 3 + p 6 ) $ A2 A 5 (|p 2 |, \P5\;wo)®\ 3 \ 6 {\P3\, \Pe\;vo) • (3.30) 
For large M 2 we could substitute \p\ — > M, but for the moment we keep M 2 finite. 

3.3 Analytic structure of the two graviton impact factor 

In the last section we have identified the two graviton impact factor (|3.21j) as one of the new 
building blocks for the planar amplitude. Let us pause for a moment and have a closer look at 
its analytic structure. We are interested in the region where M 2 = —\p\ 2 is positive and we have 
substituted \p\ — > —iM. The impact factor contains the function AC m (zo, 2/o! \p\) that arises from 
the intermediate bulk-to-bulk i?-boson propagator and is defined as the analytic continuation of 
fcm(zo, yo; M). Since IC m (zo,yo; M) is defined as an infinite sum over modified Bessel functions, 
see eq. p. lip , its analytic continuation 

(TiM) n K n (TiM) = —^M n (Y n (M) =p iJ n (M)) , (3.31) 

has a cut for positive M 2 with a branching point at M 2 = 0, its discontinuity being given by 
7rM™ J n (M). While the upper sign corresponds the region above the cut which is related to the 
Feynman propagator, the lower sign is valid below the cut. 

The analytic structure becomes more transparent if we make use of another representation of 
the bulk-to-bulk i?-boson propagator |27[ [28] 

ft m (z ,y ;\p\) = / J m (ujzo)J m (Loy ) 
Jo ^ + \P\ 

= K m (z Q \p\)I m (y \p\)9(z Q - y ) + K m (y Q \p\)I m (z \p\)6(y - z ) , (3.32) 

where K a (x) and I a (x) are modified Bessel functions. The subscripts m = 1 and m = correspond 
to the transverse and longitudinal polarization, respectively. Making use of the first line on the 
right hand side of eq. Q3.32p . one can rewrite the two graviton impact factor as a superposition of 
products of single graviton impact factors 



$AiA 4 (|&|,|p1,|P4|;20,2/o) = / 2 i 1-12 W AiA 4 (Pl J -P4)^m(zo|pi|)J m (wz ) 

Jo ' \P\ m=0i i 

Jm{^yo)K m (y Q \p4,\) ■ (3.33) 
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Using eq. f|3.20p . the second line on the right hand side can be rewritten as 

1 f°° d 

*A 1 A 4 (IPiUp1, \Pi\\Z ,Vo) = 7-TT7-T7 / 2 i M2 ^ ^ ' VA)K m (z Q [fr | ) J m (wZ ) 

|Pl||P4| Jo U + \p\ 

E VWiX*@l&)Jm<<<W)Km>(VoWi\)- ( 3 - 34 ) 
m'=0,l 

Performing the Wick rotation, substituting \p\ — > iM and comparing with the single graviton 
impact factor in eq. (|3.23p we identify the right hand side as a dispersion integral over the product 
of the imaginary parts of two single graviton impact factors, where one of the currents has been 
analytically continued into the time like region 

^\ 1 \ i {\pi\,-iM,\p^\;zQ,yQ) = -o , / — 77 2 Im(i m $A 1 A 4 (|pi|,-^;zo)) x 

x Im^ m $ AlA4 (-z W ,|p 4 |;yo)). (3.35) 

On the other hand the dispersion integral is given by 

1 f°° 2w 

$a 1 a 4 (|pi|,-«-W", |p 4 |;z ,yo) = -/ —5 Im^AiAidPil,-^, \p4,\;zo,yo)). (3.36) 



Comparing the previous two equations we conclude that the imaginary part of the two graviton 
impact factor is equal to the product of imaginary parts of two single graviton impact factors. 

Finally, it is also interesting to investigate the behavior of the two graviton impact factor for 
large values of M 2 . Making use of the integral representation (|3.32[) of the i?-boson propagator 
along with the completeness relation for Bessel functions, one can expand the propagator for large 
M to obtain 

iCe P {z ,yo; ,\p\) = — n Jt^ - |4x / duju 3 J ep (ujzo)J ep (ujy ) + . . . . (3.37) 
ZqIP! \p\ Jo 

A similar analysis also applies to the crossed amplitude. For large M 2 we have Ip 1 ] 2 w M 2 . 
Therefore the leading contributions proportional to 1/M 2 cancel from the sum of the two diagrams. 
We are left with the asymptotic behavior ~ 1/M 4 of the combined amplitude. This behavior of the 
two graviton impact factor (|3.2ip may be compared with the analogous impact factor on the weak 
coupling side, $ dlrect i n eq. (|1.6p . It is curious to observe that the latter has the same asymptotic 
behavior ~ 1/M 4 for large values of M 2 . 

3.4 The deep inelastic limit 

In this subsection we turn to the diffractive cross section which is given by the discontinuity of the 
six-point correlator across the positive M 2 cut. For this discussion we specialize on the kinematic 
limit where the virtualities of the upper bosons are much larger than the virtualities of the lower 
ones, namely 

IPil 2 , bll 2 » IP2I 2 , |P 3 | 2 , |P 5 | 2 , |P 6 | 2 - (3.38) 
For further simplification we set 

IPil 2 = \Pi? = Qa (3-39) 

and 

\A\ 2 = \p 3 \ 2 = \P 5 \ 2 = |p 6 | 2 = Q%. (3.40) 
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This is the kinematic limit probed in, e.g., deep inelastic electron proton scattering; for this reason 
we name this limit as 'deep inelastic limit'. This limit will allow us to perform the integrations 
over the fifth coordinates and to obtain explicit analytic expressions. In particular, this limit will 
allow us to study the large-M 2 behavior of the imaginary part of the impact factor which, in the 
diffractive cross section, determines the large-M 2 behavior of the cross section. 
To simplify notation we define dimensionless variables 

z M = z M , y M = y M , v M = v M , w M = w M , (3.41) 

the ratios 

a = Qa/M, = Qb/Qa- (3.42) 

and 

£fe = \qk\/QB, qi = P2+P5, Q2 = P3+P6- (3.43) 
With these definitions we rewrite the the planar amplitude (j3.27|) as 

■^xlf B TxL = 2 yi^J (ojj al6 ^ 4< 5^ 2 y o dyM J Q dvM J dwM J Q dzMW M v M z liyli 

K m {\ A ){zMOi)K m ^x A ){zM,yM; -i)K m ( XA )(y M a) 
g(z M ,w M ;e 1 a(3)g(y M ,v M ;e 2 af3) 

K m (\ B1 )(w M al3)K m{ x B1 ) (w M al3)K m (x B2 )(vMa(3)K m( x B2 )(vMaf3) . (3.44) 

Here we have inserted the definitions of the impact factors. Making use use of helicity conservation 
we can rename the helicity variables such that Xa = Ai = A4 and Xbi = A2 = A5, \b2 = A3 = Xq. 
Furthermore, 771(A) = for longitudinal polarization, and 777(A) = 1 for transverse polarization. 
We have also a similar expression for the crossed diagram. 

As a first step of simplification let us consider the forward limit 

e k ^0, (3.45) 

for k = 1, 2, i.e. t\ = < 2 0, so that the graviton propagator 



1 w 2 z 2 
G(z m ,wm;0) = -(-^L0{zM-WM) + ^f6{wM-z M )). (3.46) 

4 Z M W M 



Then 



OO 



ATXbTb2 = 8 / \Wj ^^^^ j dVM j Q dVM J dWM J dzMW M V M z MVM 

K m (x A ){zMa)K, m ^x A ){zM,yM\ -i)K m (\ A ){VMa) 

2 2 2 2 

^6(z M - w M ) V -^-e{y M - v M ) + ^fe(w M - z M ) V -^-e{y M - v M ) 

z m Dm w m Vm 

+^9(z M - w M )^0(v M - y M ) + ^fd{w M - z M )^6(v M - V m) 

Z M V M W M V M 

K m (x B1 )(wMa/3)K m( x B1 )(wMa(3)K m{ x B2 )(vMaP)K m{ x B2 )(v M a/3) . (3.47) 

Making use of expressions given in the Appendix |A] is is possible to do the integrals over wm and 
vm > and with the saddle point method described in Appendix [C] one can investigate the large M 2 
limit. However, we chose another way. 
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We turn to the DIS limit (|3.38p . which implies /3 — > 0, and we expand in powers of (3. Due 
to the fast vanishing of the Bessel functions of the two graviton vertex (which do not contain the 
/3 variable) one can the lower impact factors in powers of /3 and perform the integrals over wm 
and vm- In the case of transverse polarizations of the lower i?-currents, the small- /3 behavior of 
the Bessel functions gives rise to logarithmic divergences for small (3. The appearance of such 
logarithms is known already from the single graviton exchange For two gravitons we have 

maximally two logarithms in f3. Using eq. (|3.32|1 one can then perform the integrals over zm and 
Dm. Thus, the amplitude of the planar diagram becomes 

4 2G, planar _ M -2 f \ ( _£2_\ Tf_^2s,m(X B i)+m(X l 



^ZT B T B2 * ~M \j§r) h(-* 2 )log m ^ m ^>(p- z ), (3.48) 
where the function a 2 ) stands for the result of the integrals over zm and um 



h(~a ) = — — / dz M I dy M z M y M K mW (z M )IC m (\)(zM/a,yM /a; -i)K mW (VM) 



(3.49) 

The integrations can be done analytically leading to 

- a 2 I x (-a 2 ) = (p{ 0) +p{ 1) log(-a 2 )+p (2) logO>)) ■ (3.50) 

The functions p^ are rational functions in a and p, and their detailed form is presented in Appendix 
B d. Due to the ln(— a 2 ), the function I\ has a cut for real positive a 2 = Q\/M 2 , i.e a right cut 
in M 2 starting at M 2 = 0. There no no poles in M 2 . If we would have taken the virtualities of 
the currents pi and pi to be different from each other, we would have obtained also logarithms in 
the ratio p\/p2- For further details we refer to Appendix C. 

The contribution related to the crossed diagram is obtained by substituting: —M 2 — > M 2 = 
M 2 +t— 1\ — t2 + \pi\ 2 + \pa\ 2 , he. A\ a™ 8 ^ 2 is obtained from the analytic continuation ofA\ '£^^ 
in the M 2 plane. As we have already discussed before, in the large-M 2 limit the leading term of 
^G.crossod j g Q £ ^, ie or( j er ^ —M~ 2 , and it cancels with the leading term of ^G.pianar ^ 

This means that the sum is of the order M~ 4 , 

«2G,planar «2G,crossed _ _Q\ ( s l \ ( s 2 \ f , 2\ i_, n .m(X A )+rn(X B ) r o-2\ 
XaXbiXb2 XaXbiXb2 - M i \Q 2 A ) \Q 2 A ) ^ 

The function 

h(a 2 ) = a- 2 (h(-a 2 )~h((a- 2 + 2)- 1 )), (3.51) 

describing the sum of the planar and crossed impact factor has both right and left hand cuts in 
M 2 . The absolute value of a 4 I\(a 2 ) is shown hg. [SJandlH both for transverse and longitudinal 
polarizations. In both cases, there is a maximum at the beginning of the M 2 -cuts. In contrast 
to the transverse impact factor, the longitudinal one is logarithmically divergent at M 2 = and 
M 2 = 0. These divergences come from the logarithmic behavior of the longitudinal i?-boson 
propagator (|3.11[) . In the large M 2 limit the leading term of I\ (a 2 — 0) is of the form 



h(a 2 = 0) = drr 7 K 2 n(x) (r) = -T(A - m(A))r(4 + m(A)) . (3.52) 

From eq. (|3.50p . with the explicit form of being given in the appendix, it is straightforward 
to determine the discontinuity of the amplitude (|3.48[) across the right hand cut in M 2 

576a 12 (a 2 - lW (a 2 - l) 

disc M2 / T (-a 2 ) = / 5 5 ; , (3.53) 

(or + 1) [a 1 + 1) 

3 In the appendix we discuss the more general case 7^ \p±\ and consider the function I\ as a function of a 
and p = |pi|/|p4|- The results of this section are obtained by taking the limit p = 1. 
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M 2 /Q\ 

Figure 5: The logarithm of the absolute value of a 4 I\(a 2 ) plotted as a function of or 2 = M 2 /Q 2 A . 



1 p 
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0.4 - 



0.2 



M 2 IQ\ 



Figure 6: The phase of the upper impact factor, namely 7r _1 arg(— a 4 I\(a 2 )), plotted as a function 
of or 2 = M 2 /Q 2 A . For M 2 > we present the branch above the cut while for M 2 < we show 
the phase below the cut. 
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and 



, 9x 64a 10 (a 4 - 4a 2 + l) tt (a 4 - 4a 2 + l) , 

disc M2 / L (-a 2 ) = 1 . 2 + u s 2 \rf ( 3 - 54 ) 

(a- + 1) (cr + 1) 

For M — >• the discontinuity for transversely polarized R— bosons vanishes as M 2 , while the 
longitudinally polarized one goes to a constant. For large M 2 , the imaginary part of •rf\ A \J*\^ 2 
is proportional to M~ 12 (M -14 ) for the longitudinal (transverse) polarization. Finally, one can 
also notice that the rescaled imaginary part, a~ 4 Iml\(— a 2 ), is invariant under the substitution 
a 2 o (a 2 )" 1 . 

We end this section with a comment on the diagram on the rhs of fig. 4. It contains a direct 
coupling of two gravitons to the upper R boson, and it does not depend upon M 2 . At the end of 
the following section we will show that its dependence upon s\ and s 2 is quite similar to the triple 
graviton diagram to which we turn in the following section. 



4 The triple Regge limit: triple graviton exchange 

There are two more Witten diagrams that can contribute to the six-point correlators of R-currents, 
namely the two terms that are depicted in fig. 3) The first one involves the triple graviton vertex. 
We will construct the vertex in the following subsection before we evaluate the Regge limit of the 
entire diagram in subsection 4.2. The second diagram in fig. [3] is the subject of subsection 4.3. 
It contains a vertex between two gravitons and two R-bosons. Through our analysis, the only 
term that could contribute to the discontinuity in M 2 is found to vanish. Furthermore, we shall 
show that the remaining M 2 -independent terms from the two diagrams in fig. 0] are subleading 
compared to the contributions from the Witten diagrams in fig. [3] 

4.1 Triple graviton vertex 

In order to analyze the first diagram of fig. |||we need an expression for the three graviton vertex. 
This vertex was derived before in Ref. |26) . In the following, we re-derive the vertex at prepare for 
the high energy limit. As usual, our task is to expand the Einstein Hilbert action 

S = --4- / d d+1 z^R, (4.1) 

in small fluctuations of the metric — Q^iv around the metric of the AdS 

background. In order to fix our conventions we recall that the curvature, Ricci tensor and Riemann 
tensor are defined through 

R = R^gT = R^g^g al3 , (4.2) 

iW = g^Kpu = 9^(9^l v -durl p +T^rP au -TJ v T p ap ), (4.3) 

where the Christoffel symbols are given by 

r^ 7 = y ap (dpg 1P + d 7 gp p -d p g 07 ). (4.4) 

In the following calculation we need to expand both the inverse metric g a ^ and the determinant g 
up to third order in the fluctuation h^ v . For the inverse metric we find 

y — y y "7*11/1;/ <y "7*11/11/ "7*21/2;/ y "7*11/1;/ "i^^y ' L ^vi,y ■■■ > 
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while 

V? = cxplnV5 ~ V5(l + ir P V-39 CTp Vir iPl V- + |(5 CTp V) 2 + 

+y <Tp h P v 1 g^h plU2 g^h P2a - i(g ap h pUl g v ^h pia )g» 3p3 h P3 „ 3 + U^K*?)- (4-5) 

After the substitution g pv — > g^j, + ft,^,, we can expand the Langrangian of the Einstein Hilbert 
action, 

-JgR = -Vg(R + H^ +H (3 A , (4.6) 



up to third order in the fluctuation field h^ v . The constant term is determined by the AdS curvature 
— R = —d(d + 1). The first order corrections to the curvature R involve the quantity 

= -^(d-2)(d- l)h 00 (z) + ~zl{{d-2,)d + £)h-zl{d-A)d Q h 

+4 2(d - 2)d a h aQ + z*(d a d a h - d a d h a0 ) , (4.7) 

where h — h aa is the trace of the fluctuation field. After multiplication with the factor y/g, we can 
write these terms as a total derivative, in agreement with the fact that we are expanding around 
a solution g of the Einstein Hilbert action. The equation of motion for the fluctuation field h is 
related to the second order terms H ^ in the expansion of the Lagrangian. We have reproduced an 
explicit expression in Appendix [Dj What we really need here is the form of the terms that appear 
in the third order, 

H W = — ((d - ll)d + 36)z^, 3 - izg((d - ll)d + M)h m h 2 + \{d- ll)dz§hh a0 h a0 
48 o 2 

+|((H - d)d - 4Q)z$h a/3 h a/3 h + i*g((d - ll)d + 38)h a/3 h afj h o 

-zl(d - 8)(d - 3)h a i3h a0 h f30 + - ((d - ll)d + 48)z%h al3 h a7 hi3 7 + ^z^hdah^djhpj 

+15z^h a0 h a0 h + 9zlh 0l h al3 d 7 h al3 - ^(d - 8)h 2 d a h + -zld a dph a p{2h^ p h^ p - h 2 ) 

+ ^zl(d - 6)h 2 d a h a0 + ^^(d - 8)hh 0a d a h - z 7 (d - &)hh 0a dj3h al3 

+ ^ z o(d - 9)hh a pdoh a - z 7 a {d - b)hh a pd a hp - zldh^hp^hpa 

—z 7 Q {d — %)h 0a hp a dph + 2z 7 {d — 6)h 0a hp a d-yhi3 7 + 2z 7 {d — fyhoahp^d^hpa 

+zl(d + 2)h a ph ai d hp 1 + ^z 7 (d - 8)h a0 h a pdoh - ^g(d - 6)h a ph a/3 d 1 h~ f0 

3 1 

+z n hp a dph ap dph 1 ~ l + -z h/3 a dyhp p d^hap — z hi3 a dph lp d 1 h ap — —z Q hp a dyhp p d p h ai 

1 - 1 - - 3 

— -^Zohpad^hap dyh — -^ZQhp a d a hdph — z hp a hp 1 d 1 dj3h ap + -z hp a dph lp d a h pl 

+z hp a dphcry djh — 2z hp a dph a ^ d p h lp + z^hp a h ai dpdjh — 2zghp a h ai djd p hp p 
+z hp a haj dpdphpj + z hp a djh a p d p h lp + Zohp a d 7 h a7 dph — ZQhp a d 7 h ai d p hp p 

+zlhhp 1 dpd a h a ~ l - \zlhhp 1 d a d a hp 1 - -zlhd a h a pdph - \zld a d a h{2h lp h lp - h 2 ) 
2 2 o 

3- 1- 1---1- 

— — ZQhdyhapdyhap + —ZQhd a hp 1 dph on + -z^hahah — -z^hh^dpO-yh . (4-8) 
8 4 8 2 
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In the following analysis we shall now specialize to d = 4. Having spelled out the third order terms 
we can now read off the triple graviton vertex V TR . In order to spell out the answer, we 
shall split the vertex into four different contributions, 

+ V^u° 2V2 ,n 3V3 {Qij Q2, Qz) + ^™;°° 2iy2 ^ 3l , 3 (Qi, Q 2 , Q3) ■ (4-9) 

Here, we group terms according to the number of the Kronecker deltas which connect different 
gravitons, i.e. Kronecker deltas of the form and those involving internal (summed) labels are 

not counted. Explicitly, the terms that contribute to y TR - 20 are given by 

H iVi,tl 2 v 2 ,H3 v 3 (Qi,Q2,Qs) 

= ~~gfifj, 1 ,H2du 1 ,u 2 8fi 3t v 3 Ql.isQ2,v z ~ ~2&ii. 1 ,ii, 2 &v 1 ,v 2 &ii, 3 ,v 3 Q2,uQ2,u z Q 

3 

^^M2,i'3^i'2,M362./iiQ3 ; yi z o ^m,f 2 ^fi,n 2 Q2,^, 3 Q3,V3 Z 

1 3 1 3 

^^ii(i*2 ^fii^Qs, H3Q3, u 3 Zq ^ 1 _f 12 5ij ltl , 2 5f 13tl , 3 Q^, v Q^, v ZQ 
5 2 2 

— hi,ii 2 &v-l,v 2 &ij,3,v 3 Q2,0Zq + ^ft 2 ,n 3 &v 2 ,v 3 Q3,vt Z Q 

+fini,ti 2 fivi,v 2 3o,v 3 Q3,ti 3 z i ~~ ^m,^fi,V2^H 3 , v 3 Q3, QZq 

3 5 

~l^>\i-t,li2&v x ,v 2 bix 3 ,v 3 Z<A + 2 < Wwj^i'2,«'3 < Wi <Wi ^0 • (4-10) 

All terms we displayed contract the indices among two of the three fluctuation fields. Terms in 
which the contractions involve all three graviton fields are collected in 

^ ' ii^v 1 ,ii 2 v 2 ,ii 3 v 3 Si^-> Q21 Q3) 

= —5 Ul . tl3 dv 2 . U3 Q2,fj. 1 Q3,p. 2 z ~ ~^tJ.i,ti 2 &vi,n 3 Q2,v 3 Q3,v 2 z o 

^^S^i,fi 2 Su 2 ,fi 3 Q2,fiiQ3,u 3 z o & fi 1 ,fi 3 Su 1 ,fj, 2 Q2,i> 2 Q3,i' 3 Zo 
3 

~ S T~^l),\,H2^V\,V-3^V2,V 3 Q2,vQ3,vZ§ _ ^l,M3^M2,^3*33,/JlQ3,I/2 2; 

,(u 3 (^i/j ,^i 2 Q3,v 2 Q3,u 3 z q + &m,ii 3 $v 1 ,n 2 $v 2 ,v 3 Q3,i'Q3,v z o 
~23v 1 ,v 3 fifi 2 ,li 3 3o,niQ3,i; 2 z o 4<5j, ljl/2 l( u 3 5o,/iiQ3, 1^3 ^0 

,ju 3 <5f! , ^2 ^^2 , v 3 Q3,qZq H — S^ lifl2 S iyi ^ 3 5 V2 ,^ 3 Z Q 
+4Sp 1 ,p 2 6 vltll3 d 0iV2 6 0tV3 z . (4.11) 
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Figure 7: The three graviton vertex. 



Terms in which only two of the graviton fields are contracted directly through a single contraction 
are grouped together into the vertex 

^^11/1,^2^2, ^3^3 (*3i> Qs) 

1 3 1 3 

^^Ml >&2 1 ,V2 ^fl2 ,fl ^M3,"3 Ql,<?l Q2,(7 2 Z "f" ~n ^1*1 t"l '"2 ^2,(72 ^3, "3 Ql,<Tl Q"2,<72 %Q 

~t~^jUl ,(Ti ^I^i ,1*2 ^M2 ,<72 ^//3)f3 ^2,(71 ^2,(72 ^0 ^Ml ><72^^1 ,M2 ^2,(71 ^3,^3 ^2,(71 Q3, (72 ^0 
~t~^l ,(7l ^"1 ,/i2 ^2 ,(72 ^3,^3 ^2,<71 Q3,(7 2 ^0 ^Ml ,°"l ^1 ,M2 ^"2,(72 *^M3 5^3 ^3,(71 Qs,(7 2 ^0 
~t~2J^ 1 $v 2 ,(7\ ^3,1^3^0,^1 ^2,(71 2q "t" ^jUj ,(7i ,/^2 ^M3 ,^3 ^0,^2 Q2,(7\ %0 
,1/2 ^H 2 ,(7l ^H3,V3 ^0,Hl Q 3,(7i Z Q ^Ml ,M2 ^J*3)VB ^0,fl ^0,1^2 ^0 ■ 

(4.12) 

What remains are those terms of the three graviton vertex that contain no direct contractions of 
two different graviton fields, 



(Qi,Q 2 ,Qa) 



Q "^Ml i* 7 ! ^1 , CT 2 ^2,^2 ^M3 ,V$Q\,(7\ Ql,a 2 Z ^2,^2 ^3,^3^(71 ,(7 2 Ql,(7lQl,(7 2 Z Q 



1 

2^Ml,< J l^l, <T 2^2,l y 2^M3,l y 3'3l, o "lQ2,(72 2 Q *Vl ,"1 ^'2 ,^2 "^3 l«3 ^""l ,°"2 Q 1 ,fl Q^,a 2 Z 



1 3 1 3 

2 ^1 l^l ^1 ,""2 ^f*2,V2 ^M3 ,"362,01 Q2,(72 ^0 ^ < ^' 11 , CT 2^1 ,<7l <^/J2 ,"2 ^3,^3 Q2,(7\ Q%,(7 2 Z 
Jf ~l^Hl,Vi$H2,V-2&^3,V3&V,(7lQl,(7 1 Z Q ~~ 2(5^ (5p 2 ,„ 2 <5^ 3 ,„ 3 !/] Q2,a x Z Q 

2^0^l'i -v\ ^nt,Vf^Q,u\ Q'S,fi:i ~\~ g^Mi,"i ^2,^2^3, "3^0 



<5 M2 , 1/2^3 ,^3 ^0,^1^0,1/1 2q . (4-13) 



The symbols Qk denote five dimensional derivatives acting on fc-th external graviton propaga- 
tors (k runs from 1 to 3, cf. fig. tZj) , 

Qk,„ = d Zk ^ . (4.14) 
Before turning to the high energy limit, we still have to symmetrize these expressions. This can 
be done in two steps. To begin with, we symmetrize the two indices (/J-k^k) for each graviton 
(labelled by k). Then, in a second step, we also symmetrize in the label k. 
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4.2 The triple Regge limit 

50 far we have worked in configuration space. The Fourier transform is defined as before, and 
derivatives in configuration space, as before, turn into external momenta, pi,. . . ,p§. When com- 
puting the scattering amplitude in the triple Regge limit one notices that the large energy variables, 

51 and S2, are constructed by contracting large momenta contained in the stress-energy tensors 
via Kronecker deltas from the graviton propagators and from the triple graviton vertex. Since the 
graviton vertex involves at most two contractions of external indices from two different gravitons, 
the amplitude with the triple graviton vertex provides terms proportional to sf, s|, or S1S2 plus 
lower order contributions. In fact, the leading contribution from the triple Regge limit comes form 
the terms f|4. 1 1[) and (|4.10p . While the former leads to terms which are proportional to S1S2, the 
latter provides two types of terms which are either proportional to s\ or to s|. 

We compare this result with one expects from general arguments [TB]. In the notation of 
Regge theory, the kinematic limit which we referred to as the 'triple Regge limit' is a mixed Regge- 
helicity limit. For this high energy limit the Steinmann relations allow for four sets of non- vanishing 
energy discontinuities. Following the arguments in [18] as well as eq. (4.24) of the same paper, one 
expects the six-point scattering amplitude to consist of four terms. If we label the leading angular 
momentum singularities in the three t channels by j, j±, and j'2, respectively, the four terms have 
the following energy dependence 

(i) {hPy-^-^s^si 2 , and 
(ii) si, (iii) 8 <J+*-h)/* 8 W>-M* , (iv) 

The only term which contributes to the discontinuity in M 2 is the first one: This is the six-point 
amplitude in QCD (or TV = 4 SYM) which we have described in the introduction. In the weak 
coupling limit, the leading singularities in the angular momentum plane are given by the BFKL 
Pomeron. Returning to graviton exchange we have computed the complete (i.e. not restricted 
ourselves to the M 2 -dependent piece) six-point correlator in the supergravity approximation. The 
leading singularities are at j = j\ = j% = 2, and the three terms we have found are in agreement 
with the energy dependence of (ii) - (iv). The first term is absent, i.e. in the Witten diagram with 
'elementary' graviton exchange, the triple graviton vertex is found to vanish. 

From the point of view of Feynman diagrams, this result can also be understood as follows. 
In [TT] it has been demonstrated that the helicity structure of graviton exchange at high energies 
can be viewed as the exchange of two spin one bosons, each of them being in a circular polarized 
t-channel helicity state. Correspondingly, in our high energy limit where the graviton exchanges 
above and below the triple vertex can be viewed as double-boson exchanges, the triple graviton 
vertex acts like a product of two triple boson vertices. A simple look at the triple gluon boson 
vertex of QCD shows that - in the triple Regge limit - the six-point amplitude with three gluon 
exchange comes with two terms: One of them is proportional to s\ while the other is proportional 
to S2- Again, no term proportional to s\S2{M 2 )~ 1 appears. Consequently, the product of two such 
three gluon exchanges produces three terms, proportional to s 2 , s|, and S1S2O 

A similar result can also be found in flat supergravity [30l IS]- ln the zero slope limit the 
triple graviton vertex decouples. A non- vanishing triple graviton exchange is expected to appear 
only once the gravitons are reggeized. This, however, requires a genuine string calculation and 
thus goes beyond the scope of this paper. 

4 It is interesting to note that a nonzero triple vertex of reggeizing gluons in QCD has been found |29j . After 
integration over M 2 this vertex becomes zero, thus restoring signature conservation. 
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4.3 The coupling of two gravitons and two R— bosons 



There is one more diagram we need to compute, namely the second one depicted in fig. 4. In the 
high energy limit it will turn out to contribute to the same order as the triple graviton exchange. 
The analysis follows the same steps we have described at great length in the first two subsections. 
Hence, we can be rather brief now. Copying our derivation of the triple graviton vertex, one can 
calculate the vertex with two R— bosons and two gravitons, i.e. the vertex that appears in the 
second diagram of fig. HI Making use of eqs. (|4.2[) - ([4.5p we expand the kinetic term of R— bosons 

- y/gF^F"" = y/s(F^ + F« + F< a >) , (4.15) 

where F^ = —z^Fp V Fp V and the stress-energy tensor is defined by 

F« = {2zlF^F pv - ^zlF ap F ap 5^)z^h^ = T^zfa^ . (4.16) 
The coupling of two gravitons and two R— bosons can be read from 

F^ ' ^~^Fp a Fp a 5 PlP , 2 8 l , lV2 ~^Fp IJ Fp C! 5p il i, 1 5 P/2 ij 2 + ~Fpp 2 Fp l , 2 5p ll/1 

~^"^^'pij,i^ , pfi^fi2V2 ^A i i i/ 2^'i y iA i 2 2 F^ , f i7 F, /l i/. A ^ ZQhp lVl hp 2l , 2 . (4.17) 

In the high energy limit, the diagram under consideration can only give subleading contribution 
which are proportional to s\, s§, or S\S2- In fact, as we have argued previously, powers of S\ and S2 
appear if and only if momenta (derivatives) from the field strength tensors Fp V are contracted by 
the Kronecker deltas coming with the graviton propagators. In the coupling (|4.17l) of two gravitons 
and two R— bosons, each term involves only two field strength tensors. Since each field strength 
tensor contains only one momentum that is contracted with the graviton by using eqs. (|3.8p - (|3.9[) . 
contributions proportional to s\ s\ are impossible to obtain. The first two terms of the vertex lead 
to traces over the graviton propagator and hence they furnish constant contributions to high energy 
scattering. The remaining terms behave as SiSj, at most. Hence, at high energies, the six-point 
correlator of i?-currents is dominated by the two diagrams in fig. [3J The two diagrams in fig. 0] 
are subleading. 



5 Summary 

In this paper we have investigated the correlation function of six i?-currents at high energies and 
in the strong coupling limit. Interest in such six-point functions comes from the observation that 
graviton exchanges at high energies need to be unitarized. As a first step, we need to compute 
the coupling of two gravitons to the i?-current. Such a coupling appears as a part of the six-point 
function. We have two classes of Witten diagrams, one containing the two graviton exchanges 
depicted in fig. [3j the other one containing the three graviton exchange in fig. |4j The latter one 
represents the triple Regge limit. These Witten diagrams have their analogues on the weak coupling 
side, i.e. in the high energy behavior of i?-current correlators in JV = 4 SYM: The diagrams in 
fig. [3] correspond to the exchange of two BFKL Pomerons on the weak coupling side, see fig. ® left 
figure. On the other hand, the triple graviton diagram in fig. Unas its weak coupling counterpart 
in the triple Pomeron diagram on the right hand side of fig. [2j It is remarkable that the existence 
of the former contribution is a consequence of the supersymmtric structure of Af = 4 SYM, and 
it does not hold for (nonsupersymmetric) QCD. The study of the present paper can be viewed as 
the strong coupling analogue of an earlier paper |17) . 
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Beginning with the two graviton exchange, the correlation function has the same structure 
as on the weak coupling side, a convolution of impact factors and exchange propagators. The 
integration is over the position of the impact factors in the direction of the fifth coordinate. One 
of our main results is the new impact factor which describes the coupling of two gravitons to the 
upper i?-boson. Similar to its weak coupling counterpart (which consists of a closed loop of spinors 
and scalars in the adjoint representation of the color group), it has a cut in the mass variable M 2 , 
is maximal for small M 2 and, for large M 2 , falls off as M ~ 4 . 

In the second part we have considered the three graviton diagram. We derived an expression for 
the triple graviton vertex, and found that the coupling of three elementary gravitons vanishes in 
the triple Regge limit. In agreement with the Steinmann relations, we obtained three terms which 
grow as sf, s|, and S1S2, respectively. We expect that the triple graviton vertex will be nonzero 
once the attached gravitons reggeize. This, however, requires genuine string scattering amplitudes 
and thus goes well beyond the analysis of Witten diagrams. Note that the triple vertex of the 
BFKL Pomeron in weakly coupled QCD possesses a non-trivial inner structure. This is linked to 
the fact that the BFKL Pomeron is a composite object. Hence, it is tempting to expect some kind 
of reggeization for the dual graviton so as to match its triple vertex with that of the Pomeron. 

As we have said at the beginning, our present study was mainly motivated by the interest 
in two-graviton exchange. As a first step, we have investigated the coupling of two gravitons to 
the i?-current. The existence of the direct coupling hints at the importance of eikonalization. 
Nevertheless, the triple graviton diagram also needs further investigation. 

Our study of higher order i?-current correlators should be seen also within another context. 
One of the most important ingredients in the analysis of gauge/string dualities is the remarkable 
appearance of integrability. For multi-color QCD is was shown many years ago, see |32[|551IM] , that 
the BKP Hamiltonian, i.e. the operator that encodes the rapidity evolution of n-gluon t channel 
states, corresponds to a closed spin chain and is integrable. Such BKP states enter the high energy 
limit of scattering amplitudes with more than eight external legs. Our study of the six-point 
amplitude therefore also serves as a preparation for pursuing further studies in this direction. 
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A Integrals for the forward case 

To calculate the forward case as well as the OPE limit we have found the following integrals 

v {K Q (jv )K 1 (v) - -fK (v)K 1 (jv)) = 7 log (7) , r*t 2\ 
( 7 -l)( 7 +l) 7 2 -l 



7/ dv A v A K (v A )K (v A ^) = -7 — TTTT I T\ = ~ T + \ v 

(A.l) 



and 

v (■j K (jv)Ki(v) - K n (v)Ki{^v)) 
( 7 + l)(7-l) 



7 / dv A VAK 1 (v A )K 1 (v A l) = 7" 



log^ 1 ) + (log(2) - 1E ) + f^iM + o (v 2 ) (A.2) 
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as well as 



and 



V (7 2 - 1) iT - 1) / 

/ v 5 16 (2 7 2 + l) t ; 3 64(7 4 + 4 7 2 + l) W \ r ^ 



r-i (7 2 -ir (7 2 -ir 

7 w 5 167 (7 2 + 2)w 3 64 (7 5 + 4 7 3 +7) w S 

W 2 " (7 2 ~ I) 3 (7 2 - I) 5 , 

8 7 w 4 96 (7 3 +7)w 2 ^ 



( 7 2 - l) 2 ( 7 2 - I) 4 



K^K^v) 



32 (-3 7 4 + 2 ( 7 4 + 4 7 2 + 1) log( 7 ) + 3) 
( 7 2 - l) 5 



+ V ' Z^ZJ_Zir^ll^J (A .3) 



^^1(^1(^7) = L 2 _ 1)2 + (2 _ 1)4 UoWM 



7-y 5 87 (7 2 + 5) u 3 192 ( 7 3 + 7) u " 



I-7 2 (72 -I) 3 ( 7 a-i)" 
w 5 8 (5 7 2 + 1) v 3 192 ( 7 4 + 7 2 ) 



r-i ( 7 2 -ir (7 2 -i) J 

4( 7 2 + l)i; 4 16 ( 7 4 + IO7 2 + l) v 2 ' 
~ (7 2 -l) 2 (7 2 - I) 4 . 



j 2f («)Jfi(7«) 



16 ( 7 6 + 9 7 4 - 9 7 2 - 12 ( 7 4 + 7 2 ) log( 7 ) - 1) 

+ 7(7 2 ~1) 5 
The above results can be also used to perform integrals from |llj . 



(A.4) 



B Integrals appearing in the DIS limit 

In this appendix we present further details of the six-point amplitude, restricting ourselves to the 
limit of deep inelastic scattering. We will be slightly more general than in section 3.4, by allowing 
the external virtualities to be less restricted. In particular, we allow \pi\, \pi\ 3> \p2\, \P3\, \p5\1 \Pe\> 
without the constraints \pi \ — \p±\ etc., and we define 

a = \pi\/M, (3 = \p 2 \/\pi\, P = \Pa\/\Pi\, Pi = \p$\/\P2\ , P2 = \p 6 \/\p 3 \- (B.l) 

As a result, our integrals depend also upon the variables p, pi, pi- Thus, the exchange defined by 
planar diagram reads as 

- - jr '(BH)'(KH) , '"<-«*" I »-' ft «' I '»«"i' < R2 > 

where the integrations over lower vertices give 

yr=r) (R3) 
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while contribution coming from the integral over upper vertices, I\(—a 2 ,p), is defined by 

-a 2 pl x (-a 2 ,p) = +p«log(-a 2 )+^ 2) log(p). (B.4) 
For the transverse polarization we found that 



2„4 



P T 



(o) 96a 2 p 



{a 2 + l) 4 (p 2 - if {a 2 p 2 + l) 4 

{p 5 (p 2 + 1) (p 12 - 9p 10 + 17p s - 858p 6 + 17/ - 9p 2 + l) a 14 

-2p 3 (5p 16 - 39p 14 + 172p 12 + 1333p 10 + 2938p 8 + 1333p 6 + 172p 4 - 39p 2 + 5) a 12 

+p (p 2 + 1) (p 16 + lip 14 - 261p 12 - 4081p 10 - 8980p 8 - 4081p 6 - 261p 4 + lip 2 + l) a 10 

-2 (p 17 + 42p 15 + 1609/9 13 + 7020p n + 12056p 9 + 7020p 7 + 1609p 5 + 42p 3 + p) a 8 

-p (p 2 + 1) (I8p 12 + 883p 10 + 6856p 8 + 13886p 6 + 6856p 4 + 883p 2 + 18) a 6 

-4p (8p 12 + 437p 10 + 2125p 8 + 3680p 6 + 2125p 4 + 437p 2 + 8) a 4 

-p (p 2 + 1) (23p 8 + 1298p 6 + 3238p 4 + 1298p 2 + 23) a 2 

-2p (3p 8 + 178p 6 + 478p 4 + 178p 2 + 3)) (B.5) 

p (U = 576a" (a 2 l) p 7 (a 2 p 2 l) 
T (a 2 + l) 5 (a 2 p 2 + l) 5 

(2) _ 1152a 2 p 7 
Pt 



(p 2 -l)> 2 p 2 + l) 5 

(10a 8 (5p 4 + 18p 2 + 5) p 10 + a 6 (l45p 10 + 669p 8 + 334p 6 - 36p 4 + 9p 2 - l) p 2 

+20 (p 6 + 6p 4 + 6p 2 + 1) + a 2 (94p 8 + 534p 6 + 464p 4 + 34p 2 - 6) 

+a 4 (I71p 10 + 897p 8 + 632p 6 - 18p 4 - 3p 2 + l)) (B.7) 

while for the longitudinal polarization 

(0) 192a 2 p 6 

PL ~ (a 2 + l) 4 (p 2 - l) 8 (a 2 p 2 + l) 4 

(p (p 17 - 8p 15 + 28p 13 - 186p n - 510p 9 - 186p 7 + 28p 5 - 8p 3 + p) a 14 

- (p 2 + 1) (p 16 - 4p 14 - 8p 12 + 612p 10 + 1738p 8 + 612p 6 - 8p 4 - 4p 2 + l) a 12 

+ (5p 16 - 34p 14 - 688p 12 - 4552p 10 - 7102p 8 - 4552p 6 - 688p 4 - 34p 2 + 5) a 10 

-2 (p 2 + 1) (3p 12 + 236p 10 + 1704p 8 + 3464p 6 + 1704p 4 + 236p 2 + 3) a 8 

-2 (62p 12 + 791p 10 + 3653p 8 + 5688p 6 + 3653p 4 + 791p 2 + 62) a 6 

-6 (p 2 + 1) (41p 8 + 336p 6 + 716p 4 + 336p 2 + 41) a 4 

-2 (93p 8 + 743p 6 + 1268p 4 + 743p 2 + 93) a 2 

-10(p 2 + l) (5p 4 + 32p 2 + 5)) (B.8) 
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(i) = 64a 12 (g 4 -4g 2 + l)p 6 (g 4 p 4 - 4a 2 p 2 + l) 
Pl (a 2 + l) 5 (a 2 p 2 + l) 5 



( 2 ) 128a 2 p 6 

Pl = 



(p 2 - if (a 2 p 2 + 1)° 
(p 4 (lOOp 12 + 1125p 10 + 1251p 8 + 16p 6 + 36p 4 - 9p 2 + l) a 8 
+p 2 (275p 12 + 3681p 10 + 5652p 8 + 512p 6 - 63p 4 + 27p 2 - 4) a 6 
+ (316p 12 + 4617p 10 + 8523p 8 + 1888p 6 - 252p 4 + 27p 2 + l) a 4 
+9 (l9p 10 + 293p 8 + 608p 6 + 208p 4 - 7p 2 - l) a 2 

+36 ((p 2 + 2) (p 4 + 14p 2 + 8) p 2 + 1)) (B.10) 

One can notice that the poles in a 2 -plane are spurious, i.e. all poles of pl (a 2 , p) cancel each other 
in the sum. 

The contribution related to the crossed diagram is defined by the formula with — M 2 — > M 2 = 
M 2 + t-ti-t 2 + \pi\ 2 + \pi\ 2 , namely ^awS is analytic continuation of A 2 ^f B ^ 2 in M 2 
plane. In the large M 2 limit the leading terms of ^ 'a^Abs' which is of M~ 2 w M~ 2 order, 
cancels with the leading term of A\ \ p al ! al . This means that the sum is of M -4 order 

yi2G, planar , yl2G, crossed 

(B.ll) 

where t\ = t<i = t = 0. The function describing the sum of the planar and crossed upper impact 
factor reads as 

h(a 2 lP ) = a- 2 p- 1 (h(-a 2 1 p)-h((a- 2 + l + p 2 )- 1 1 p)), (B.12) 
In the large M 2 limit, its value is defined by 

i x (a 2 =0,p)=p i drr 7 K tx (r)K ex (rp), (B.13) 
Jo 

and it is plotted in fig. [8] as a function of the ratio of upper virtualities, i.e. p. The function reminds 
the Gaussian profile with maximum at \pi \ = \ . 

Making use of eq. f|3 .32[) one can find that the imaginary part of i?-boson propagator 

lmJC es (zM/a,yM/oi;^fi) = ±-J ex (z M /a)J ex (y M /a) . (B.14) 

This allows to calculate simply the imaginary part of the amplitude (|B.2[) related to discontinuity 
along M 2 > 0, namely 

, , . 576a 12 (a 2 - l) np 6 (a 2 p 2 - l) 

disc M2 / T (-a 2 ,p) = TTTZ^ (B ' 15) 

(cr + 1) [a z p z + 1) 



and 



64a 10 (a 4 - 4a 2 + l) Trp 5 (a 4 p i - 4a 2 p 2 + l) 
disc M2 / L (-a 2 ,p) = ^ i/ 2 ; 5 P - (B.16) 
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i+p 

Figure 8: Functions I\(a 2 = 0,p) = (p + p~ 1 )I^\p) — 2I^\p) plotted as a function of = 
\Pi\+\Pi\ 

The roots, which are related to the change of the amplitude phase, appear at 

\pi\/M,\pi\/M =1 for the transverse part, (B.17) 

\pi\/M, \pi\/M = -^(V3± 1) for the longitudinal part. 

Also, similarly to the p = 1 case we can observe the symmetry of 

p~ 2 a~ i lml\(~a 2 ,p) under pa 2 o (pa 2 )^ 1 , (B.18) 

where pa 2 = Jlf ■ Thus, the discontinuity multiplied by (pa 2 )~ 3 is invariant under the inversion 
in the M 2 /(|pi||p4|) variable. 

C The saddle point method for large M 2 expansion 

In this appendix we calculate the real part of the integral 

/>oo />oo 

I\(a 2 ,p) = j2 a ~ 2 P 5 dz M dyMZMVM K e\ {z M )K ex (y M p)fce x {zm/ol, yu/a; 1) (C.l) 
Jo Jo 

from eq. (|3.48j) in large M 2 limit making use expression for the propagator IC ex (zm,Vm', 1) defined 
by eq. (13. lip . Let us change variables zm — rsm(<p) and yu = rcos(4>) and \ J\ = r. Analyzing eq. 
(jC.ip one can find that in its first two order expansion in small a the leading contribution comes 
from the region where k ~ oT 2 . Thus we can apply the saddle point method with the large k 
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parameter, i.e. 

/■oo oo A-k-3 



^ l dr g> r (fc + i)r( fc + 2 ) r p 

dcj>K £x+2k (-) K ex {rpcos{4>))K tx (r sin(0)) cos 5+ ^ (</>) sin 5+£ * (<£)(sin(<£) cos(cj>)) 2k 

JO 

where 

h(r,fc) - r /2 # 5r (0) C fe w) = r /2 ^( 3r (0 O )+ 5 ;(0o)( ( / ) - ( / ) o)+K(^)(0-0o) 2 +...) 

Jo Jo 

e fc/(0 o )+fc/'(0 o )(0-0 o ) + ^fc/''(0o)W^^ ^ ^ 

with 

<ft#) = if £A (rpcos(0))if £A (r S in(0))cos 5 +^( ( /»)sin 5 +^(^), (C.4) 

and 

/(<£) = 21og(sin(</>)cos(0)) = 21og(cos(</) O )siri(0o))+4cot(20 o )(0-0o) 

16 

-4csc 2 (20 o )(^ - cj) ) 2 + — cot(20o) csc 2 (20 o )(0 - </> ) 3 

-| ((cos(4<fo) + 2) csc 4 (2^ )) (<£ - ^ ) 4 + O ((0 - ^ ) 5 ) • (C.5) 

Since we are going to calculate the first two orders we have to expand /(</>) to fourth order and 
g((j>) to second order. The saddle point corresponds to z = yo, i.e. <po — 7r/4. It is defined by 
cot(20o) = 0, so that f'(4>o) = f'"{<t>o) = 0. To integrate out <j) we use 

= ^k--i + ^sfrk-i + O , (C.6) 

r 

Jo 



and 



^ 2 Me-"*-* 1 *' = Z^/^kJ^-kJ^ 



16 V 2 V * V 4 / 3 V 4 



which results 



^ -/ o dr E a2fc5/2r(fc)r(fc + 2) fa + 2(e A - - 2)^K ex+2k (-) 

+^ A ( Jl) (((p 2 + l) r 2 - 16 £A + 32fc - 44) K ex ^) 

+2V2( £A + l)rpi^ A+1 (^))) + ■ • • • (C8) 
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Since the dominant contribution for small a is defined in the region where 

k = hi/ a 2 with k = fixed, (C.9) 

one can exchange sum over k by integral over n. We substitute the large k expansion of Bessel 
functions, i.e. 



v IIS 1 ( r r «>-2fc ' rfa + 2fc-j) ( r- y 



._„ r(j + i) V 4a 2 



and making use of 



(2fc) J ' _e * r(e A - j + 2fc) a 3 (2e A 2 - 2(2j + l)e A + 2j(j + 1) - 9 



a 



5 



2- 2fc r(fc)r(fc + 2) ~ 2 K 3/ 2 V^ + i6« 5 / 2 +..(.c.ii) 

we resum j. Finally, one can find that 

I x (a 2 lP ) = I^(p)+l[ 1 \p)pa 2 + ..., (C.12) 

where 

5 />oo / \ / \ />oo 9 

-2 



dne~^K~, (C.13) 



o Jo 



2097152V2k 
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+ K £A (-^) (W A + l)r P X eA+1 (-^) k 2 (C.14) 

+V2 (r 4 + 16(e A - l)nr 2 + 8n 2 ((p 2 + l) r 2 + 8(e A 7)e x 48)) K ex ) ) . 

Moreover we perform the integrals over k, i.e. 

5 /'Oo 

= drr 9 X eA (r)K eA M, (C.15) 

/■oo 4 7 

4%) = / dr^(rK £x+1 (r)(2(e x + l)K ex (rp)-2rpK ex+1 (rp)) 
+K €x (r) (((p 2 + 1) r 2 + 4(e A - 3)e A - 16) K £x (rp) 

+2(e x + l)rpK ex+1 (rp))) . (C.16) 
and over r. For e A = 1 we get 

4 0) (P) = (3P 8 + 178p 6 + 478/ + 178p 2 + 3) 

_ 60 i^ioyi (p6+6p4+6p2 + 1); (G17) 
(p 2 - 1) 
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and 

4%) = -^8(p 10 + 127p 8 + 712p 6 + 712p 4 + 127p 2 +l) 
(P 2 " 1) 

_ 1152^1og(p 2 ) (3 ^ 8 + ^ + + 33p2 + 3) (c 18) 

(p 2 - 1) 

while for e\ = the resulting expression looks like 

I?\p) = --^^(5, 6 + 37p 4 + 37p 2 + 5) 

+i2 i92 P 5iogy) (/ + Wp6 + 36/ + 16 ^ 2 + 1} ^ (c 19) 

\P - 1) 

4 X, W = --f^(7p 8 + 97p 6 + 212p 4 + 97p 2 + 7) 
(P - !) 

+ 576 P 4 log(p 2 ) , w + 2?p8 + n2p6 + n2p4 + 2?p2 + ^ (c 2Q) 

(P 2 - 1) 

Moreover, the integral from eq. (|3.51j) reads 

L(a 2 = O lP ) = i^(p) = (p + p- 1 )I { x 0) (p)~2l[ 1) (p), (C.21) 

so that 

/<?>(„) _ Jgy p + 2V + 2V + 1) - 48 V + 3/ + l) . (C.22) 
tf'to = -T^4 + 38^ + 11) + "ff y > (/ + 9/ + V + 1) . (C.23) 

(P 2 - 1) {p 2 - 1) 

D Variations of the action 

The second variation of the action reads as , i.e. 

ff( 2 ) = z*(d-5){d-2)h a oh a0 -]z%((d-7)d + 20)h a ph a p + lz*{{d-7)d+W)h 2 

4 8 

- 7j2#((d - 7)d + U)h 00 h + z%(d - 6)h aQ d a h - 2z%(d - ±)h aO d h aP 

+z^(d - 7)h a pd a h al3 - 2zl(d ~ 3)h a ^d a h^ - ^z^(d - 6)hd h + z^(d - A)hd a h a0 

3 1 1 - - 

--z^dahp-f <9 Q Vy + 2 Z o dah l 3 t d P h <xi + -^ Q d a hd a h - zfaupdadph + 2z%h sil d a dph ai 

-zpip^dadji^ - zld a h aj3 dph + z%d a h ai dph^ + ^z^hd a d a h - ^z^hd a dph a p (D.l) 
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